Abstract. In an atomic, cancellative, commutative monoid S, the elasticity of an element provides a coarse measure of its non-unique factorizations by comparing the largest and smallest values in its set of factorization lengths (called its length set). In this paper, we show that the set of length sets L(S) for any arithmetical numerical monoid S can be completely recovered from its set of elasticities R(S); therefore, R(S) is as strong a factorization invariant as L(S) in this setting. We also demonstrate the stark contrast between the set of length sets, which is often very large and hard to compute, with the set of elasticities, by showing that for more general numerical monoids, the latter is determined by only finitely many values.
Introduction
In studying the non-unique factorization theory of atomic monoids, the development of several invariants -such as delta sets [2] and ω-primality [6] -has provided significant insight. Of particular interest is the set of length sets L(S) for an atomic monoid S, which has as its elements the sets of factorization lengths of elements in S [1, 4, 7] . The following longstanding conjecture states that, with one exception, the set of length sets is a perfect invariant for the important class of block monoids B(G) of zero-sum sequences over a finite Abelian group G [5, Section 7.3].
Conjecture 1.1. Given two finite Abelian groups G and G with |G|, |G | > 3, we have L(B(G)) = L(B(G )) implies B(G) = B(G ).
In contrast to the above conjecture, the authors of [1] show that two distinct numerical monoids (co-finite, additive submonoids of N) can have the same length sets. In this paper, we investigate the elasticity ρ(n) of elements n in a numerical monoid S. This invariant, computed as the quotient of the largest factorization length by the shortest, provides a coarse measure of an element's non-unique factorizations. We now state our main result concerning the set R(S) = {ρ(n) : n ∈ S} of elasticities of S. Theorem 1.2. For distinct arithmetical numerical monoids S = a, a + d, . . . , a + kd and S = a , a + d , . . . , a + k d , the following are equivalent:
R(S) = R(S ).

L(S) = L(S ).
, gcd(a, k) ≥ 2, and gcd(a , k ) ≥ 2.
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Therefore, for the class of arithmetical numerical monoids (numerical monoids generated by an arithmetic sequence), the set of elasticities is as strong an invariant as the set of length sets. After developing our main result in Section 3, we provide a full characterization of the set of elasticities for any numerical monoid, thereby completing a coarser description provided by Chapman, Holden, and Moore [3] . This characterization (Corollary 4.5) demonstrates the stark contrast between the set of length sets, which is often very large and hard to compute, with the set of elasticities, which we show is determined by only finitely many values. For arithmetical numerical monoids, this characterization of R(S) takes the form of a complete parametrization (Theorem 3.4).
Background
In this section, we provide definitions and previous results related to the elasticity of elements in a numerical monoid. In what follows, let N denote the set of non-negative integers. Unless otherwise stated, we will assume that S has minimal generating set {g 1 , . . . , g k } with g 1 < · · · < g k and gcd(g 1 , . . . , g k ) = 1.
. . , g k be a numerical monoid with minimal generating set {g 1 , . . . , g k }, and fix n ∈ S. An element a = (a 1 , . . . , a k ) ∈ N k is a factorization of n if n = a 1 g 1 + · · · + a k g k , and its factorization set is given by
The length of the factorization a, denoted | a|, is given by a 1 + · · · + a k . For each n, the length set of n is the set L(n) = {|a| : a ∈ Z(n)}, and the set of length sets of the monoid S is given by L(S) = {L(n) : n ∈ S} .
Remark 2.2. While the length set of an element in a numerical monoid is a helpful measure of its non-unique factorizations, some information is lost when passing from Z(n) to L(n). For example, in S = 3, 5, 7 , the element 10 ∈ S has as its two distinct factorizations (1, 0, 1) and (0, 2, 0), both of which have length 2. Thus, even though L(10) = {2} is singleton, the element 10 has multiple factorizations. This phenomenon is common in numerical monoids minimally generated by arithmetic sequences of length 3 or greater. See Section 3 for a more detailed analysis of such monoids.
In a numerical monoid, length sets of elements are finite. Thus, analyzing the relationship between an element's maximal and minimal lengths provides a meaningful, albeit coarse, gauge of the non-uniqueness of its factorizations. This concept, known as the elasticity of an element, is defined below. Definition 2.3. For an element n ∈ S of a numerical monoid, we denote by
the maximal and minimal length of n, respectively. The ratio
is called the elasticity of n. When there is no ambiguity, we omit the subscripts and simply write M (n), m(n), and ρ(n). The set of elasticities of S is given by R(S) = {ρ(n) : n ∈ S} , and the elasticity of S is given by the supremum of this set: ρ(S) = sup R(S).
The elasticity of a numerical monoid S and some of the coarse properties of R(S) were established in [3] . We record this result here. 
The elasticity of S is accepted; that is, there exists an n ∈ S such that ρ(n) = ρ(S). (c) ρ(S) is the unique accumulation point of R(S).
Elasticity sets for arithmetical numerical monoids
As introduced in Remark 2.2, numerical monoids minimally generated by arithmetic sequences have interesting factorization properties that stem from plural distinct factorizations of an individual element with identical lengths. Therefore, much is frequently lost when passing from Z(n) to L(n) for n in such a numerical monoid. In stark contrast to this, we show in this section that the set of length sets can be recovered from the set of elasticities in this important class of numerical monoids.
We begin by formalizing our numerical monoids of study in this section.
Definition 3.1. A numerical monoid S is arithmetical if it is minimally generated by an arithmetic sequence of positive integers, that is,
for positive integers a, d, and k satisfying gcd(a, d) = 1 and k < a.
We begin by describing the maximal and minimal factorization length functions for arithmetical numerical monoids. 
Theorem 3.4 will parameterize the set of elasticities for any arithmetical numerical monoid. In preparation for this, we provide the following definition. 
+d. Write E(S) for the set of S-elasticity tuples, and define ρ S : E(S) → Q as 
Proof. First, fix n ∈ S, and write n = x a + y d = x (a + kd) − y d for x , x , y , y ≥ 0, y < a, and y < a + kd. By Proposition 3.2, M (n) = x and m(n) = x , and since
which implies that xk = sa + y + y . Since y + y ≤ 2a + kd − 2, this means sa ≤ xk ≤ sa + 2a + kd − 2, which yields
This means (c, s, x) ∈ E(S) with ρ S (c, s, x) = ρ S (n), which proves R(S) ⊂ ρ S (E(S)). Conversely, fix (c, s, x) ∈ E(S). The assumptions on x ensure that sa ≤ xk ≤ sa + 2(a − 1) + kd meaning 0 ≤ xk − sa ≤ a + (a + kd) − 2, so fix y , y ≥ 0 such that y < a, y < a + kd, and y + y = xk − sa. Let
so that ρ S (c, s, x) = ρ S (n). This proves ρ S (E(S)) ⊂ R(S), completing the proof.
After stating Lemma 3.5, Proposition 3.6, and Lemma 3.7, we give Theorem 3.8, which specifies precisely when two arithmetical numerical monoids have the same set of elasticities.
Lemma 3.5. Fix an arithmetical numerical monoid S = a, a + d, . . . , a + kd with gcd(a, d) = 1, and k < a. For any S-elasticity tuple (c, s, x), we have
Proof. The claim follows directly upon comparing fractions. 
Subsituting these values for f and g gives
as desired. Now, suppose k ≥ 2, and let B = (3a − 2)/k + d. We will show that f = (B + d)/B and g = (B − 1 + d)/(B − 1), from which the claim follows directly. Indeed, solving the first equality for B yields B = d/(f − 1), and substituting into the second yields
Clearing the denominator on the right hand side yields
and dividing by g − f yields the desired equality. By Theorem 3.4, f = ρ S (c, s, x) for some S-elasticity tuple (c, s, x). By Lemma 3.5, (c, s, x) is maximal, and since f > 1, we have c = 0 and s = 1. This gives the desired form for f . It remains to prove that g = (B − 1 + d)/(B − 1).
Fix a S-elasticity tuple (c, s, x) and let g = ρ S (c, s, x). By Lemma 3.5, it suffices to assume (c, s, x) is maximal. If c = s = 0, then g = 1, and if c = 0 and s = 1, then g = g. First, suppose k = 2. By Lemma 3.5, we can assume c = 1 and s = 0, meaning
Manipulating the above inequality yields
Lastly, suppose k > 2. By Lemma 3.5, it suffices to assume c = 0 and s = 2, and maximality of x gives x = (4a − 2)/k + d. Notice that
Manipulating the inequality above yields
which gives x + 2d
This completes the proof.
Lemma 3.7. Fix an arithemtical numerical monoid S = a, a + d, . . . , a + kd with gcd(a, d) = 1 and 1 ≤ k < a, and suppose gcd(a, k) ≥ 2. Write g = gcd(a, k), k = k/g, and a = a/g. There exists a maximal S-elasticity tuple (c, s, x) such that (a) a (s + 2) ≡ 1 mod k , and (b) gcd(ca + x, ck + s) = 1.
Proof. Let s denote the integer satisfying 0 ≤ s < k and a (s + 2) ≡ 1 mod k , and let
denote the value such that (0, s, x) is a maximal S-elasticity tuple. Since gcd(a , k ) = 1, there exist integers p and q such that pa + qk = 1. Notice that
meaning gcd(ma + x, mk + s) = 1. Write m = cg + r for 0 ≤ r < g. We see that the S-elasticity tuple (c, s + rk , x + ra ) is maximal since
and gcd(ca + (x + ra ), ck + (s + rk )) = gcd(ma + x, mk + s) = 1, as desired.
Theorem 3.8. Fix two distinct numerical monoids S = a, a + d, . . . , a + kd and , we have a = ga and k = gk for g = gcd(a, k). Fix an S -elasticity tuple (c , s , x ), and write c = qg + r for 0 ≤ r < g. Then (q, s + rk , x + ra ) is an S-elasticity tuple, since 0 ≤ s + rk < k
Proof. If the given conditions are satisfied, then [1, Theorem 3.2] implies L(S) = L(S ) and thus R(S) = R(S ). Conversely, suppose R(S) = R(S
We also have ρ S (c , s , x ) = ρ S (q, s + rk , x + ra ), so this defines an injective map from the set of S -elasticity tuples to the set of S-elasticity tuples which preserves corresponding elasticity values. Now, consider an S-elasticity tuple (c, s, x), and write s = rk + s for 0 ≤ s < k . If  (c, s, x) is the image of some S -elasticity tuple, then it is the image of (cg+r, s , x−ra ). In particular, if (c, s, x) is maximal and a (s + 2) ≡ 1 mod k , then
so the S-elasticity tuple (c, s, x) is not the image of any S -elasticity tuple. Now, by Lemma 3.7, there exists a maximal S-elasticity tuple (c, s, x) with a (s + 2) ≡ 1 mod k and gcd(ca + x, ck + s) = 1. Fix an S-elasticity tuple (c 0
This proves that the elasticity ρ S (c, s, x) ∈ R(S) is only achieved by the S-elasticity tuple (c, s, x), meaning ρ S (c, s, x) / ∈ R(S ). This completes the proof.
The following corollary follows immediately by applying [1, Theorem 3.2], and indicates that for arithmetical numerical monoids, the set of elasticities R(S) is as strong an invariant as the set of length sets L(S). Example 3.10. Corollary 3.9 shows that for an arithmetical numerical monoid S, computation of the elasticity set (which is given in Theorem 3.4) is just as useful as computing the entire length set L(S). This need not be true in general. Let S = 6, 10, 13, 14 and S = 6, 11, 13, 14 . A simple computation shows that
after which Theorems 4.2 and 4.3 guarantee that R(S) = R(S ).
Remark 3.11. It remains an interesting question to characterize which numerical monoids S and S satisfty R(S) = R(S) and L(S) = L(S ). Investigating this phenomenon for general numerical monoids -or even for specific classes such as those with three minimal generators -would be of much interest.
The Set of Elasticities for General Numerical Monoids
While Theorem 2.4 provides a concise description of the maximal elasticity attained in a numerical monoid S and a coarse topological property of the set of elasticities of S, it does not give a full description of R(S). In this section, we provide such a description by showing that the functions M (n) and m(n) enjoy a powerful linearity property.
We begin with a combinatorial lemma.
Lemma 4.1. Let k ≥ 0, and fix c 1 , c 2 , . . . , c r ∈ Z with r ≥ k. There exists T {1, . . . , r} satisfying i∈T c i ≡ r i=1 c i mod k. Proof. Let s j = j n=1 c n for j ∈ {0, . . . , r}. The sequence s 0 , s 1 , · · · , s r has length r + 1 > k, so by the pigeonhole principle, s i ≡ s j mod k for some i < j. This means s j − s i ≡ 0 mod k, so choosing T = {1, . . . , r} \ {i + 1, . . . , j} completes the proof.
Theorem 4.2. Given a numerical monoid S = g 1 , . . . , g k minimally generated by g 1 < · · · < g k , the maximal factorization length function M : S → N satisfies
Proof. Fix a factorization a for n, and suppose that
Viewing this sum as a 2 + · · · + a k integers selected from {g 2 , . . . , g k }, Lemma 4.1 guarantees the existence of b 2 , . . . ,
Now, suppose that a ∈ Z(n) is maximal. The above argument implies that a 2 + · · · + a k < g 1 . In particular, if n > (g 1 − 1)g k , we must have a 1 > 0. This means a − e 1 ∈ Z(n − g 1 ), so we have M (n − g 1 ) ≥ | a| − 1, and since a has maximal length, we have M (n − g 1 ) = | a| − 1. This completes the proof.
The proof of the following analogous result is almost identical to the proof of Theorem 4.2 and hence omitted. Theorem 4.3. Given a numerical monoid S = g 1 , . . . , g k minimally generated by g 1 < · · · < g k , the minimal factorization length function m : S → N satisfies Since the elasticity of an element n in a numerical monoid is given by the quotient of M (n) and m(n), we use Theorems 4.2 and 4.3 to provide a characterization of R(S).
Corollary 4.5. Fix a numerical monoid S minimally generated by g 1 < · · · < g k , and let C = g k−1 g k . The set R(S) = {ρ(n) : n ∈ S} is given by R(S) = {ρ(n) : n ∈ S, n < C} ∪ M (C + r) + ag k m(C + r) + ag 1 : a ≥ 0, 0 ≤ r < g 1 g k .
Proof. By Theorems 4.2 and 4.3, we have M (n + g 1 ) = M (n) + 1 and m(n + g k ) = m(n) + 1 for all n ≥ C. For each n ≥ 0, writing n = ag 1 g k + r with 0 ≤ r < g 1 g k , we have ρ(C + n) = M (C + n) m(C + n) = M (C + r) + ag k m(C + r) + ag 1 from which the result follows.
Remark 4.6. Theorem 2.4 states that the only accumulation point of the elasticity set R(S) is its maximum. Corollary 4.5, on the other hand, gives a characterization of the entire set R(S), from which several other results from [3] can be recovered. In particular, the characterization of the set of elasticities provided in Corollary 4.5 describes R(S) as a union of a finite set and g 1 g k monotone increasing sequences, each converging to g k /g 1 , which clearly implies that the only accumulation point is g k /g 1 .
Example 4.7. For a numerical monoid S = g 1 , . . . , g k , graphing ρ : S → Q as a function provides some insight into the structure of R(S). Figure 2 provides these graphs for 7, 41 and 20, 21, 45 . The characterization of R(S) provided in Corollary 4.5 shows that ρ can be eventually described as g 1 g k monotone increasing sequences with limit g k /g 1 , at least one of which is constant. Typically, the graphs of ρ can be viewed as a union of "wedges", each containing precisely one point from each of the g 1 g k sequences.
